Abstract. Metamaterials are an increasingly well-known type of generalized composites that can exhibit unconventional behaviors and responses due to its exciting frequency dependent
Mathematically, the 1-D metamaterial is represented by a series of periodic resonating spring and mass lattice structures. In this paper, the bandwidth of a metamaterial is examined by introducing nonlinearity in the resonating frequency. The performance of nonlinear metamaterial is well investigated in the field of electromagnetic wave propagation although the existing literature on nonlinear mechanical metamaterial is very limited and investigated only bistable and monostable type resonating metamaterial. Till date, any research on the impacting resonating metamaterial has not been reported, in spite of its excellent vibration insulation and resonating bandwidth enhancement properties. Therefore, as a first step towards exploring the impacting metamaterial, we have analytically estimated the bandwidth enhancement of a one dimensional impacting mechanical metamaterial unit over a linear metamaterial. First, the steady state response of an impacting system is computed analytically and then the transmission loss in the frequency domain is estimated using MATLAB. From the analysis, it is found that the resonating bandwidth of an impacting system is wider than that
of an equivalent linear system. Therefore, it can be effectively used as a wideband mechanical filter, acoustic insulator or shield.
INTRODUCTION
Natural materials have their own excitation independent material properties, such as mass density, Poisson's ratio and Young's modulus. Therefore, most of the natural materials react in phase with the excitation under external simulation; whereas, metamaterial behaves in out of phase [1] . Metamaterials are a special kind of artificial composite, designed to have exotic behaviours, such as negative mass [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , negative Poisson's ratio [17] [18] [19] [20] [21] [22] and negative Young's modulus [4] , in certain range of frequencies due to the out of phase response of multiple resonating units which are present in a metamaterial. Negative mass is achieved due to the out of phase motion of resonating unit during resonance [4, 6, 10, 11] , for an example, the periodic arrangement of steel balls in a silicon rubber matrix can act as a negative effective mass system [23] . In this discussion, the definition of dynamic effective mass is according to the Newton's 2 nd law of motion, which is the ratio of force and acceleration, instead of the amount of matter present in a body. An acoustic metamaterial is used as a waveguide and sound insulator. The elastic metamaterial has an extensive application in the field of vibration insulation [13] . Elastic wave propagation through a medium depends on the impedance of the medium (Z0), which is the product of the mass density (ρ) and the P-wave (vp) and S-wave (vs) velocity of the medium. On the other hand, the P-wave velocity depends on the Young's modulus (E) and Poisson's ratio (υ) of the medium. So, the frequency dependent negative material property changes the impedance of the medium which reflects the incident waves back. Due to the out phase response of resonating units, effective mass which is the ratio of momentum and velocity becomes negative [6, 10, 13] which refracts the propagating waves opposite to the conventional direction.
The metamaterial is used widely in the various field of application associated with the wave propagation. However, due to the dependency on the linear resonance, the attenuation bandwidth of the linear metamaterial is limited to a very narrow bandwidth. On the other hand, nonlinearity has a potential to widen the resonating bandwidth of an oscillator. Therefore the nonlinear metamaterial attracts the attention of the current researchers. The recent development in field of nonlinear electromagnetic metamaterial is condensed in this review article [24] . To widen the attenuation band of a mechanical metamaterial, Huang and Sun [5] proposed multi-resonance unit inside of the single block of the metamaterial. In contrary, an analytical study on nonlinear elastic dispersion for the elastic metamaterial was carried out by Khajehtuorian and Hossain [25] . This research concludes that the location and the length of the attenuation bandwidth of nonlinear elastic metamaterial depends on the amplitude of the wave. Nadkarni et al [26] analyzed a metamaterial containing bistable nonlinear resonating units for low and high amplitude wave motion and concluded that nonlinearity is proportional with the amplitude of wave and the nonlinearity enhanced the performance of metamaterial as a filter. Klatt and Haberman [27] proposed a multi-scale model for nonlinear metamaterial. Attenuation bandwidth of cubic [28, 29] and sinusoidal [30] [31] [32] nonlinear metamaterial is much wider than the linear metamaterial. Beside that, stress wave propagation through granular material or impacting chain of monoatomic lattice is also studied and found that it can attenuate much wider frequency band [33, 34] ; thus, can be applicable in designing of helmet or protecting devices. Moreover, the resonating bandwidth of an energy harvester can be extended upto twice compared to an equivalent linear system by introducing impacting non-linearity [35, 36] although, the impacting resonating metamaterial has not been reported in any publication till now.
Impact or contact takes place when the two bodies come to very close vicinity. Starting from the time of Newton, plenty of literatures are available on the modelling of the impacting phenomena which are condensed and critically evaluated in this review article [37] . To model the normal directional impact from a compliance based approach, nonlinear Hertzian element or Kelvin element can be used, where a small penetration is assumed for a finite duration. In the contrary, stereo-mechanical approach models the impact as an instantaneous event; thus, the velocity response becomes discontinuous. Modelling of this discontinuous response for a steady state vibration adds extra difficulty. A straight forward solution with standard numerical integration solver can solve the transient state response very easily but cannot converge to a steady state solution. Several techniques on the computation of the steady state response of an impacting device are proposed by various researchers [38] . In this paper, a solver designed by Nigm and Shabana [39] is used with stereo-mechanical unilateral impact model to solve the steady state response of the impacting metamaterial unit.
COMPUTATION OF STEADY STATE RESPONSE
The simplest resonating metamaterial can be mathematically conceptualized as a chain of mass-in-mass units. A single unit of the resonating metamaterial is depicted in Figure 1a ) where the internal mass can vibrate without any obstruction; whereas, in Figure 1b ) the motion of the internal mass is bounded by two stoppers. The impact with the stopper and the inner mass induced a nonlinear response to the system. The main aim of this paper is to compare the attenuation bandwidth for the linear and impacting metamaterial, subjected to a monochromatic displacement excitation from the base, as shown in Figure 1 .
Linear system
The equation of motion of the linear system which is shown in Figure 1a ) can be written as:
where,     , m k are respectively mass and stiffness matrix of the system. Therefore, the natural frequencies of the two degree of freedom system are:
and the modal matrix, which contains the mode shapes for each natural frequency can be expressed as:
Now, the Eq. (1) is a coupled second order differential equation. To uncouple this Eq. (1), the system   x is transferred to the principal coordinate  q , by coordinate transformation.
where,  is the mass normalized modal matrix. After shifting the coordinate system to principal coordinate, the mass, stiffness and force matrix changes to:
Therefore, Eq.(1) can be solved in different modes as a single degree of freedom system and the equation of motion of the metamaterial unit in the principal coordinate system is:
The solution of the i th mode Eq.(6) is:
where, A and B are two unknowns based on the initial condition and
An example of linear system
Now, as an example, a linear system, having the inner mass is 1kg, outer mass is 2 kg, inner stiffness 3N/m and outer stiffness is 6N/m, subjected to a base excitation, having amplitude of 1m displacement and frequency 10 Hz = 0.628 rad/s is solved. The natural frequencies are     , , , 0, 0, 0, 0   ; thus solution of Eq. (7) is cos
The displacement of inner and outer mass with its both side, assuming sides are of 0.5 m apart, is plotted in Figure 2 . rad/s, inner mass vibrates inphase with the outer block and it does not touch the either side of the outer block. On the other hand, inner mass touches the side1 and side2 of the outer mass although both the responses are in same phase. A further increment of excitation frequency makes the vibration of inner mass out of phase with the outer mass and therefore it touches both the side of outer mass more frequently. In both the cases, when the displacement response of inner mass crosses the boundary of the outer block then impact occurs and it needs a special analysis.
Impacting system
From the discussion of the linear system, it can be easily found that the inner mass can comes in contact several times with the two side walls of the outer mass not only during the out-of-phase response but also for the in phase response. Therefore, impacting system demands a thorough investigation on the responses of the system. In this paper, the frequency response of an impacting system is computed by mostly extending the method described by Nigm and Shabana [39] . 
where, 0 + and 0 -are represent the condition just after and just before t=0. The velocities are: 
The converted equation of the Eq. (10) 
Assuming the impact as an instantaneous event, the change of velocity can be estimated by:
where,  is the coefficient of restitution between the inner and the outer mass. Eq. (13) a) can be converted in principal coordinate system as: 
Similarly, Eq.(13) b) can be converted in principal coordinate as: 
sin cos sin sin cos cos 0 sin cos cos 0
The impact occurs at the side 1 at t=0 and at side 2 at t=t1 and t2; therefore,
The transformation from Eq.(16)a) to principal coordinate system can be expressed as:
The converted equation of Eq.(16)b) in principal coordinate is:
where, i  is the i th row of the modal matrix  .
The unknown values of initial conditions, namely A, B, A1, B1, and phase angle  can be estimated by writing Eq. (12), (14), (15), (17) and (18) in a matrix form:
Extension of the previous example with impact modification
Nigm and Shabana [39] shows that solution becomes non-viable for 0 0.18    . In this case a symmetric impact can be considered because the gaps on both the sides are same; therefore, 0.5
 
is assumed to conduct the analysis. In case of the previous example, solved in section 2.2, shows that at excitation frequency 1 rad/s and 2 rad/s, response of inner mass crosses the boundary of outer mass, which is impractical. This issue is resolved and shown in . after consideration of impact. Figure 4 depicts the linear response of the two degree of freedom systems where the vibration of inner mass exceeds the boundary of the outer mass. In modified steady state solution the vibration of the inner mass is limited between the two side wall of the outer mass. The interaction between the side wall and the inner mass damped the vibration of the outer mass, even for the fully elastic collision; therefore, vibro-impacting system is potentially very useful for vibration attenuation.
FREQUENCY-RESPONSE ANALYSIS
Frequency-response curve of impacting system is computed to determine the attenuation bandwidth of a single cell of an impacting metamaterial due to the impact between the walls of the outer mass and the inner resonating unit. The total frequency dependent steady-state response can be classified into two main parts: in-phase motion, where the inner and outer masses are in same phase and out-of-phase motion, where both of them are in opposite phase. Different state of vibration for various excitation frequencies is summarized in Table 1 . No impact Table 1 classifies the conditions for in-phase and out-of-phase impacts. These conditions are employed in computing the frequency response curve. Simple linear solution is adopted and maximum of the displacement is considered as amplitude in those frequency ranges, where no impact takes place, otherwise modified solution procedure discussed in section 2.3 is adopted. In Table 1 Figure 5 depicts that the transmission of excitation is very high at the two resonating peaks, which are at 1.25 and 2.45 rad/s. In between these two peaks, an anti-resonating valley exists at 1.72 rad/s, which symbolized that almost no vibration is transmitted to the outer block from the base, in this frequency range. This anti-resonating valley is generally termed as attenuation bandwidth because it does not allow waves to propagate within the lattice in this frequency range. After the 2 nd resonating peak, another infinitely long attenuation band generates. In case of the linear metamaterial unit, the 1 st attenuation bandwidth starts at 1.5 rad/s and extended upto 2.2 rad/s and 2 nd attenuation bandwidth originates from 2.9 rad/s and extended upto infinity. On the other hand, the attenuation bandwidth of the impacting metamaterial is initiate from 1.0 rad/s and extended upto infinity without having any transmission band inside. Therefore, as the low frequency wave insulator and wideband mechanical filter, this impacting metamaterial can be used very efficiently.
CONCLUSIONS
The attenuation bandwidth increment capability of a single unit of impacting metamaterial over a single unit of equivalent linear metamaterial is analytically evaluated in this paper. The amplitude of the steady state response of impacting metamaterial unit for a specific monochromatic excitation is computed based on the method suggested by Nigm and Shabana. From the transmittance plot it can be easily conclude that impacting metamaterial widen the attenuation bandwidth in lower and higher frequency side, which proves that the impacting metamaterial can potentially be used as wideband filter and low frequency sound insulator. Further parametric study on the effect of the coefficient of restitution and the gap distance on the attenuation bandwidth is need to be investigated towards the designing of a wideband metamaterial unit.
